The class of d-setting, d-outcome Bell inequalities proposed by Ji and collaborators [Phys. Rev. A 78, 052103] are reexamined. For every positive integer d > 2, we show that the corresponding non-trivial Bell inequality for probabilities provides the maximum classical winning probability of the Clauser-Horne-Shimony-Holt-like game with d inputs and d outputs. We also demonstrate that the general classical upper bounds given by Ji et al. are underestimated, which invalidates many of the corresponding correlation inequalities presented thereof. We remedy this problem, partially, by providing the actual classical upper bound for d ≤ 13 (including non-prime values of d). We further determine that for prime value d in this range, most of these probability and correlation inequalities are tight, i.e., facet-inducing for the respective classical correlation polytope. Stronger lower and upper bounds on the quantum violation of these inequalities are obtained. In particular, we prove that once the probability inequalities are given, their correlation counterparts given by Ji and co-workers are no longer relevant in terms of detecting the entanglement of a quantum state.
I. INTRODUCTION
Bell inequalities [1, 2] , being constraints that have to be satisfied by classical correlations, have long played an important role in shaping our current world view [3] . With the advent of quantum information science, these inequalities have also found applications in the design of quantum key distribution protocol [4] and its security analysis [5] , as well as the reduction of communication complexity [6] . More recently, there is also a growing interest in thinking about these inequalities in the form of non-local games [7, 8, 9 ] which, in turn, are closely related to the studies of interactive proof systems in computer science (see, for example, Refs. [7] and [8] ).
To date, the studies of Bell inequalities have focused predominantly on those involving only binary outcomes, such as the Bell-Clauser-Horne-Shimony-Holt inequality [10, 11] and the Bell-Clauser Horne (henceforth abbreviated, respectively, as Bell-CHSH and Bell-CH) inequality [12, 13] (see, for example, Refs. [15, 16, 17, 18, 19] and references therein for a review on bipartite two-outcome inequalities). This is, of course, by no means accidental as many of the quantum information processing protocols have been developed explicitly with qubits, i.e., twolevel quantum systems in mind [20] . However, given that higher-dimensional quantum systems are gaining importance in quantum information processing tasks [21, 22] , the time is now ripe to also perform further studies on multiple-outcome Bell inequalities, which are naturally suited for higher-dimensional quantum systems.
In this regard, we note that there are only relatively few works devoted to the studies of such Bell inequalities and their quantum-mechanical violations. For an experimental scenario involving only two subsystems, the pioneering work by Collins et al. [23] resulted in a class of quantum violation of the probabilities inequalities and compare them against those obtained in Ref. [38] using their correlation counterparts. We will conclude with a summary of results and some possibilities for future research in Sec. V. Throughout, our discussion focuses on the scenarios where d is a prime number; the analogous computational results for non-prime value of d (with d ≤ 12) are summarized briefly in Appendix A.
II. THE BELL FUNCTIONS AND THEIR CLASSICAL BOUNDS
The Bell inequalities proposed by Ji and coworkers [38] . In these notations, the Bell function and the correlation inequalities presented in Ref. [38] -up to a factor of 1/(d − 1) -read as
where the classical upper (lower) bound is determined by maximizing (minimizing) over all extremal (deterministic) classical strategies o a (s a ) and o b (s b ), i.e.,
and ∆
and here, δ j is a shorthand for the Kronecker delta
n is a correlation function that gives the statistical average of the product of measurement outcomes of (A sa ) n and (B s b ) n . Hereafter, we shall refer to the inequality upper (lower) bounding S Ji in Eq. (1b) as I 
it can be shown that the following Bell function,
must also be bounded from below and above as follows: 
This is clearly a direct generalization of the CHSH game presented in Ref. [7] . Classically, the winning probability of the CHSH game [corresponding to d = 2 in Eq. (4)] is upper bounded by 3/4, but one can easily check that this is just the requirement of the Bell-CH inequalities [12] . For the rest of the paper, we will thus focus on scenarios where d > 2 and analyze the probability inequalities I 
then gives rise to a classical value of S and S Ji determined by the number of zero entries in the corresponding matrix
gives S = 0. This, together with the non-negativity of
Bell inequalities that are trivially satisfied by any theories that respect the non-negativity of probabilities.
As for the classical upper bound, it was estimated in Ref. [38] to be ∆
. While their explicit analysis for d = 3 is valid, it can be verified that the following classical strategy for prime value d > 5,
In this regard, we note that the actual value of ∆
for d ≤ 13 can be determined by exhaustively searching through all (extremal) classical strategies with the help from the following observations (all arithmetic operations described below are to be evaluated modulo d):
1. S is invariant under the simultaneous transforma-
Without loss of generality, we may thus set o a (0) = 0.
give the same 
Explicit value of these ∆ (d) max can be found in Table I . For d > 13, it seems formidable to search through all inequivalent (extremal) classical strategies [50] ; neither is the classical strategy given in Eq. (6) optimal. However, non-trivial lower bounds on ∆ iteratively. Specifically, if we start with a random choice of classical strategy for Alice, the optimal strategy for Bob can be decided using the third observation mentioned above. With this optimized classical strategy for Bob, we can in turn determine the optimal classical strategy for Alice and so on and so forth. The explicit values for some of these lower bounds, which we will denote by ∆ (d) LB can be found in Table I .
III. TIGHTNESS OF BELL INEQUALITIES
A natural question that follows is whether the Bell inequalities I + c,d and I + d are tight, or so called facetinducing [51] for the respective set of classical correlations. By analyzing the tightness of these inequalities, we can gain insights on the structure of the corresponding set of classical correlations (Fig. 1) . To this end, we note that the relevant classical correlation polytope for
. A Bell inequality is facetinducing if and only if the number of linearly independent extremal classical probability (correlation) vectors saturating the inequality equals to the dimension of the polytope. For I 
(Color online) Schematic diagram of a twodimensional plane in the space of (quantum) correlations. The shaded (light blue) polygon only consists of classical correlations whereas the convex region marked by a circumscribing solid curve also consists of nonclassical correlations. I1 corresponds to a trivial Bell inequality that cannot be violated by quantum mechanics. The analog of a tight Bell inequality, such as I + 2 is the hyperplane given by I2 (red solid line) whereas the analog of a non-tight Bell inequality such as I is given by I3 (blue dashed line). A quantum correlation "×" violates a Bell inequality if and only if the corresponding hyperplane (eg. I2) separates "×" from the set of classical correlations.
In this regard, we note that our investigation shows that (Table II) for d ≤ 13, most of these probability and correlation inequalities are indeed facet-inducing. Note, however, that there is a priori no reason to expect that the Bell function given by Eq. (1a) or Eq. (3a) would give rise to any tight Bell inequalities. 
IV. QUANTUM VIOLATIONS
In this section, we will investigate the quantum violations of I + d and compare them against those presented in Ref. [38] . These quantities put bounds on the set of quantum correlations [52] . In particular, the maximal violation of a tight Bell inequality for a given state ρ is a primitive measure of the extent to which ρ is nonclassical. For example, in Fig. 1 , if a Bell inequality is such that its Bell function gives zero for all points lying on I 2 , then the maximal extent to which ρ violates this inequality, denoted by S 2) is only applicable when we are considering projective measurements. In this case, it is easy to show using Born's rule, Eqs. (1a) and (3a), that for any quantum state ρ, the quantum values of their Bell functions are related by
where B Ji and B are, respectively, the Bell operator [53] constructed from the Bell inequalities I For other values of d with d ≤ 13, we have nonetheless found larger quantum violation of I + d by combining the iterative method described in Ref. [19] in conjunction with the lower bound (LB) algorithm introduced in Ref. [58] . Specifically, the following steps were repeated a number of times to obtain a non-trivial lower bound on the maximal quantum violation of I (2) Find the best violation and hence the optimal measurements (for the generated state) using the LB algorithm [18, 58] ; (3) Construct the Bell operator B from the measurement operators obtained in (2) and determine the best violation possible (for these measurements) by computing the largest eigenvalue of B;
(4) Find the best violation and hence the optimal measurements for the eigenstate [59] corresponding to the largest eigenvalue obtained in (3); (5) Repeat steps (3) and (4) until the best violation found converges to the desired numerical precision.
Explicit value of these lower bounds for d ≤ 13 can be found in Table III . This is to be contrasted with the results presented by Ji et al. [38] where they did not find any legitimate quantum violation of their inequalities for d = 7, 11 and 13 using mutually unbiased measurements. For smaller values of d, it is worth noting that our best quantum violation for d = 3 agrees with that presented in Ref. [38] , but for d = 5, the best quantum violation that we found is about 2.6% stronger than the one presented thereof.
Also included in Table III are upper bounds on the maximal violation of I + d obtained using the semidefinite relaxation techniques discussed in Refs. [56] , [57] and [8] . Of particular significance is the upper bound presented for d = 3, obtained by considering all the second level operators in the hierarchy introduced in Refs. [56, 57] plus all operators of the form A
. This upper bound matches exactly the best lower bound known, thereby proving that the maximal quantum violation of I + 3 can be obtained using mutually unbiased measurements [38] . However, we do not know whether the upper bound obtained for d = 5 and d = 7 can be saturated using quantum strategies.
V. CONCLUSION
In this paper, we have reexamined the class of bipartite, d-setting, d-outcome Bell correlation inequalities proposed in Ref. [38] . When rewritten in terms of joint probabilities, we show that the corresponding Bell inequalities for probabilities naturally generalize the classical winning probability of the CHSH game introduced in Ref. [7] . These Bell inequalities for probabilities, denoted by I + d , are thus also of interest independent of their correlation counterpart.
In establishing these Bell inequalities explicitly, we have found that for the more general scenarios of prime value d > 5, the authors of Ref. [38] underestimated the actual classical upper bounds. Although we could determine the actual classical upper bound for d ≤ 13 and have provided simple algorithms to estimate them for larger values of d, the general problem is left open in the present research (the closely related problem for a special class of two-outcome Bell inequalities, namely, the XOR games [7] , is known to be nondeterministic polynomialtime hard (NP hard) [60] ).
Computationally, we have investigated the tightness of the probability inequality I 
We have also investigated the quantum violations of I + d and compared them against those established in Ref. [38] . In particular, we prove that once we are equipped with I + d , the corresponding correlation analogue proposed by Ji et al. is no longer relevant [15] (in terms of detecting an entangled states). On the other hand, we do not know if I + d are still relevant once we are equipped with the class of CGLMP inequalities [23] .
In contrast with most other known tight, multipleoutcome Bell inequalities [23, 24, 34, 41] are apparently not always violated by a non-maximally entangled state. In particular, among the facet-inducing inequalities investigated, the best quantum violation that we have found for d = 7 is actually due to a maximally entangled state. d dp r c + I + c,d dp r Here, we will provide examples of extremal classical strategies that realize the values of ∆ (7) max , ∆ (11) max and ∆ (13) max presented in Table I . We will adopt the notation that the 
APPENDIX C: QUANTUM STRATEGIES
In this Appendix, we will provide the Schmidt coefficients
of the quantum state that gives rise to the best violation that we have found in Sec. IV. The corresponding quantum states can then be written explicitly through their Schmidt decomposition,
We will also provide the phase factors needed to achieve S
, the best violation of I + d that we were able to find using the d-dimensional maximally entangled state in conjunction with the measurements facilitated by a symmetric multiport beam splitter. For this kind of measurements, Alice's and Bob's POVM element can be written, respectively, as
B where Π oa = |o a o a | and the unitary operators are given by
Note that for each s a and s b , we can -without loss of generality -always perform the transformations ϕ unchanged. This is the convention that we are going to adopt. In practice, the best multiport measurements that we have found are those such that the phases for Alice's and Bob's measurements are equal. In what follows, we will thus only provide the non-trivial phase factors
with the understanding that φ sa = ϕ sa for all s a . Explicitly, for d = 5, the optimal state is c In the case of d = 7, the best violation given in (10, 20, 12, 16, 20, 6, 7, 20, 9, 14) , ϕ (3, 11, 9, 15, 19, 25, 4, 18, 23, 13, 7, 10) , ϕ (3, 23, 11, 23, 25, 7, 18, 2, 21, 3, 9, 12) , ϕ In these two cases, the quantum states that give rise to the best violation that we have found can be obtained by determining the eigenvector corresponding to the maximal eigenvalue of the respective Bell operator B. Explicitly, these quantum states admit the following Schmidt 
